we see that a;(ng) — Bi(nk) is a simple random walk on Z with an absorbing state at 0.
Recurrence of simple random walk on Z implies that lim, . a;(n) — B;(n) = 0 a.s. Since
this is true for all 7, we conclude that P[X, # Y,] — 0 as n — oco. Finally, since h; and

h, are arbitrary, f must be constant.

§7. Embeddings of Finite Metric Spaces.

Definition An invertible mapping f : X — Y, where (X,dx) and (Y,dy) are metric
spaces, is a C-embedding if there exists a number r > 0 such that for all z,y € X

'I‘dx(x, y) < dy(f(:L‘), f(y)) < Cde(IL', y) .

The infimum of numbers C such that f is a C-embedding is called the distortion of f and
is denoted by dist(f). Equivalently, dist(f) = || fllLipll f 7} ||Lip, Where

dy (f(2), f(¥)) .

Il = sup { LLELID. 5y e X224}

We will be interested in embeddings of finite metric spaces and in application of
Markov type 2 results to prove lower bounds on distortions of embeddings of certain
spaces. We will see that the any embedding of the hypercube {0,1}* in Hilbert space
has distortion at least cvk, for some ¢ > 0 (Enflo, 1969). In Exercise 2 we will show by
Markov type arguments that any embedding of an expander family into Hilbert space has
distortion at least (logn). This was originally shown by Linial, London and Rabinovich
(1995) to prove that a theorem of Bourgain (1985), stating that any metric on n points
can be embedded in E;,Og" with distortion O(logn), is tight.

We first prove a dimension reduction lemma due to Johnson and Lindenstrauss (1984).

LEMMA 7.1. For any 0 < e <1/2 and vy,...,v, € R™® with Euclidean metric, there exists
a linear map A : R™ — R* where k = O(logn/e?), with distortion at most 1 + € on the n
point space {v1,...,vn}.

Proof. Let A = \/LE(Xi(j ))195“,153-319 be an n X k matrix where the entries X fj ) are inde-
pendent standard normal N(0,1) random variables. We prove that with positive proba-

e . . . . . _ Vi —V, -1

bility this map has distortion at most 1 + €. For any i # j, let v = m € S"7*, and
denote u = (uq,...,u,). Clearly,

1 (& ) —~ k)
ud = — u,;Xi y T, 'u,'X,i .
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k n
luA|? = %Z:: (Z u,x‘“)
Note that for any j the sum > ., uiXi(j ) is distributed as a standard normal random
variable with mean 0, and since 37, u? = 1, the variance is 1. So [luAl|? is distributed as
% Z =1 J , where Y3, ...,Y} are independent standard normal N(0,1) random variables.
We wish to show that uA is concentrated around its mean. To achieve that we compute
the moment generating function of Y2 where Y ~ N(0,1). For any real A < 1/2 we have

\/277/ 1-—2)\"

and using Taylor expansion we get

p(3) = [1og B> V| = | - _ log(1 ~ 2) A
X 9k—13k 222
= < 2X? 24..)= )
<N+ NP ) = T

k=2

Now,

k 2)2
Pl|lud|?>1+¢ =P [e)‘ 2 (1) 5 ek < e Aekeke() < exp (—)\ek t1 2k)‘> .

Taking A = ¢/4 and k > 24logn/e?, and recalling that € < 1/2, yields
P{|uA|® > 1 + ¢] < exp(—€®k/12) <n~?
One can prove similarly that
P[lud|> <1—¢ <n~?

Since we have (}) pairs of vectors v;,v; we showed that with positive probability, for all
i # J,
(1 —&)ljvi — vjll < lv;A — v All < (1 + €)ljvs - vyl

which implies that the distortion of A is no more than 1 + €. |

REMARK 7.2. From algorithmic perspective it is important to achieve Lemma 7.1 using
iid., £1 with probability 1/2, random variables as our X i(j ). This is in fact possible for

any random variable X for which there exists a constant C > 0 such that Ee*X < eCH’
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(for X = #1 with probability 1/2 we have Ee*X = cosh()) < >/ 2) by the following
argument:

Let Y = 325 | u; X; with Z§=1 u? =1 and let Z be distributed N(0, 1) independently
of {X;}. Recall that for all real o we have Ee*Z = ¢2’/2, Since Y and Z are independent,

using Fubini’s Theorem we get that for any A < %

Ee’Y’ = B - _ EeVDYZ = Beduin VPWXZ _ EE[leﬂ Vi XiZ | Z]

1
VI=2CX\’

and the rest of the argument is the same as Lemma 7.1.

k 2 2 2
S EeCZi=1 Aug Z :EGCAZ =

THEOREM 7.3. (Bourgain, 1985) Every n-point metric space (X,d) can be embedded in an
O(logn) -dimensional Euclidean space with an O(logn) distortion.

Proof. We follow Linial, London and Rabinovich (1995). Let a > 0 be determined later.
For each cardinality & < n which is a power of 2, randomly pick alogn sets A C X
independently, by including each z € X with probability 1/k. We have drawn O(log? n)
sets A1, .., Ao(og? n)- Map every vertex z € X to the vector

1
logn

(d(z, A1), d(z, Az),...) .

Denote this mapping by f. We will show this mapping to Zzo(logz ™) has almost surely
O(log n) distortion, and using Lemma 7.1 this yields the required result.

It is easy to observe that this map is not expanding. By the triangle inequality, for
any =,y € X and any A; C X we have |d(z, A;) — d(y, 4;)| < d(z,y), so

alog?Zn

D ld(z, A) — d(y, A < ad(z,y)*.

i=1

1) = S <

For the lower bound, let B(z,p) = {y € X|d(z,y) < p} and B°(z,p) = {y €
X|d(z,y) < p} denote the closed and open balls of radius p centered at z. Consider
two points x # y € X. Let po = 0, and let p; be the least radius p for which both
|B(z,p)| > 2! and |B(y, p)| > 2. We define p, as long as p; < d(z,y), and let £ be the
largest such index. Also let p;,, = ﬂ%’—"i)—. Observe that B(y, p;) and B(z, p;) are always
disjoint.

Notice that AN B°(z,p;) = @ <= d(z,A) > pt, and AN B(y,pi—1) # @ <
d(y, A) < pi—1. Therefore, if both conditions hold, then |d(y, A) — d(x, A)| > p; — p1—1-
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Let us assume that |B°(z,p:)| < 2! (otherwise we argue for y). On the other hand,
|B(y,pt—1)| = 2¢71. Let k = 2¢ and let A C X be chosen randomly by including each

x € X with probability 1/k. We have

e 1
P[A misses B°(z,p,)] > (1 —27%% > 1
and ]

P(A hits B(y, p-1)] 2 1- (1279 212> 2.
Since these events are independent, such an A has probability at least % to both intersect
B(y, pt—1) and miss B°(z, p;). Since for each k we choose a logn such sets, by Theorem 1.1,
the probability that less than "‘—11°65ﬂ of them have the previous property is less than

e—2(alog n/16)2/(a logn) < n—o/128 < n—s,

by choosing a such that a/128 > 5. So with probability tending to 1, for any z,y € X
and k we have at least alogn/16 sets which satisfy the condition. Summing it up gives
1 b+l alogn
— 2> i 1)2 .
1) = FOI 2 o 2 55— (s = pi-)

i=1

. i+1 d(z,
Since 3,7 (pi — pi—1) = ppp1 = g%, we have

2 2 2
iz > d(fc,y)) fi) > od@y)? | adzy)
1) = 7wllz 2 16logn (4(t+ 1) t+1)= 256(f + 1)logn — 256log®n’

hence the distortion of f is O(logn) with probability tending to 1. |

PRroPOSITION 7.4. (Enflo, 1969) There exists ¢ > 0 such that any embedding of the hyper-
cube {0,1}* in Hilbert space has distortion at least cV/k.

Proof. Recall that in Exercise 1 of Chapter 3 we proved that if {X;} is a simple random
walk in the hypercube, then
Ed(Xo,X;) >3  Vi<k/4.

Take j = £. By Jensen’s inequality, Ed%(Xo, Xz /4) > k2/64. Now let f : {0,1}F — L2
be a map. Assume without loss of generality that f is a non-expanding, i.e., || f|lLip = 1
(otherwise, take f/| f|lLip). By Theorem 3.1 it follows that L2 has Markov type 2 with

constant M =1, so,
Ed?(f(Xo), f(Xk/a)) S k.
We conclude

17 I ipk 2 1~ I ipBd? (£ (Xo), f(Xk/a)) = Ed*(Xo, Xisa) > K2 /64,

hence || f _lllLip > —‘é—;, which implies the result. |
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REMARK 7.5. Enflo’s original proof gives ¢ = 1. See Exercise 1 for the proof of this fact.
We now prove a theorem of Bourgain (1986).
THEOREM 7.6. Any embedding of a binary tree of depth M and n = 2M+1 —1 vertices into
a Hilbert space has distortion Q(/Tog M) = Q(v/loglogn).
REMARK 7.7. See Exercise 3 for an embedding with distortion O(+/log M).
We first prove two lemmas.

LEMMA 7.8. Let M =2™ for m > 1 and yo,.-.,yn € R, then

M m om—k

y
Z(yi - yi—l)2 (yM 0) Z Z (yj2k - 2y(2j_1)2k—1 + y(]'_l)zk)2 .

i=1 k=1 j=1
Proof. This can be proved by induction on m, however, we will prove it using Parseval’s
identity. Consider the Haar orthonormal basis of RM which is defined by the following
vectors: for any 1 < k < m and any 1 < j < 2™ % let I(k;j) denote the set of indices
{(G—1)2% +1,...,52F} and define

. —1)2F < i < (25— 1)2F 1,

LYW = 2k/21 (] . . . ’
wl(k,])( ) {_2_’375, (23 _ 1)2k—1 <i< Jzk

Together with the vector v¢; = \/1—(1 ., 1) this gives 2™ orthonormal vectors in RM.

Now define z € R™ by 2z; = y; — yi—1, so the LHS of the lemma becomes Zz ", 22, which,
by Parseval’s identity, is
m 2mk
(2,2) = (2 v0)* + Y D (e vr),
k=1 j=1
which can easily be seen to be the RHS of the lemma. |

LEMMA 79. Let M = 2™, and suppose that Yo, Y1,... s a function of a Markov chain
taking values in Hilbert space. For any1 <k <m and 1< j < 2™k let r = (25 — 1)2k1
and let Y (k; j) denote the random process which is equal to {Y;} for time t < r and evolves
independently for time t > r. Write AM () = %Zfil() for the averaging operator.
Then

M 3 (2 2’" k “Ygzk - ]2’°(k J)”
E[AL|Y; -Yi1|?] > E 2;-/4 52k

Proof. Since all the distances in the lemma are squared, we can assume without loss of
generality that {Y;} is real valued. Let k,j be as in the lemma. Write E.(-) = E[- | ¥;]
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and Y = Y (k; 7). Let t > r and denote u, = E,[Y;]. Note that by the definition of Y, we
have that Y; and Y; are independent given Y;, and so E, [th’t] = E,[V3]E, [f’t] Also, since
Y; has the same distribution as }7}, we have

ETIYt - ﬁlz =E.|(Y: — p) — (Yt - .“r)lz =2E,.(Y; - #r)2 < 2E.(Y: — )"r)2 ,

for any ), which is Y,-measurable. The last inequality follows from the fact that E,(Y; —
)2 is the squared length of the projection of Y; on the space of Y;-measurable functions.

Taking expectation w.r.t to Y, on the last inequality gives
1
E(Y, - \.)* 2 SE(Y, -Y:)%. (7.1)

Now apply Lemma 7.8 with y; = Y;:

m—k (Yjor — 2Y(gj_1)ox-1 + Y, 1)2k)
AML (Y = Yi)? > ZA2 =
Take expectations and apply (7.1) with A, = —2Y(g;_1)ox-1 + Y(;_1)2x to get
m-i (Yjor — ¥ (k; 7))
EAM, (Y - Y;1)? > ZE.A2 2;k ,
as required. |

Proof of Theorem 7.6. Let T denote the full binary tree with depth M = 2™ (for general
depths, consider the tree up to depth which a power of 2) . Let {Z;} be the forward random
walk on it starting from the root (i.e., at each vertex it goes right/left with probability 1/2).
Clearly d(Z;, Z;+1)? = 1 a.s.,s0 EAM,d(Z;, Z;_1)? = 1. Also, in the forward random walk,
after the splitting at time r, with probability 1/2 the two independent walks will accumulate
distance which is twice the number of steps. Thus, Ed?(Z;x, Zj2k (k;5)) > 2%-1 and we

get that

Z]2’° (k .7))
22k

m-x d*(Z
EAMld (Z‘L?Z’L——l) =1 <= ZEA2 k ( j2k

Now let F: T — H be an embedding with HF lLip = 1, then the previous inequality holds
for F(Z;) up to a factor of ”F‘1||Lip, ie.

2+ ), F(Zjo (k; )
922k

BAM, & (F(2), F(Zi-1)) < _I“Llp ZE s £,

By Lemma 7.9 we have

F(Y;or(k; 5)))
22k ’

m—k d2(F(Z;
EAM.d*(F(Z;), F(Zi-1)) > E ZA2 F () -
which, combined with previous inequality, yields HF_1||Lip > I, as required. |
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