Chapter il
Markov Chains: Introduction

1. Definitions

A Markov process {X/} isa stochastic process with the property that, given
the value of X,, the values of X, for s > ¢ are not influenced by the values
of X, for u < t. In words, the probability of any particular future behavior
of the process, when its current state is known exactly, is not altered by
additional knowledge concerning its past behavior. A discrete-time
Markov chain is 2 Markov process whose state space is a finite or count-
able set, and whose (time) index set isT=1(0,1,2,...).In formal texrms,
the Markov property is that

PriX,., = j|Xo = io - - - » Xucs = bt X = i}
= Pr{X,., = jlX. = i} (1.1)

for all time points n and all states o, - - - i iy )

It is frequently convenient to label the state space of the Markov chain
by the nonnegative integers {0, 1, 2, ...}, which we will do unless the
contrary is explicitly stated, and it is customary to speak of X, as being in
state i if X, = i. .

The probability of X,,., being in state j given that X, is in state i is called
the one-step transition probability and is denoted by PJ"*!. That is,

Pr+t = Pr{X, = JIX, = i}. (1.2)
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The notation emphasizes that in general the transition probabilities are
functions not only of the initial and final states, but also of the time of
transition as well. When the one-step transition probabilities are indepen-
dent of the time variable n, we say that the Markov chain has stationary
transition probabilities. Since the vast majority of Markov chains that we
shall encounter have stationary transition probabilities, we limit our dis-
cussion to this case. Then Pj™*! = P, is independent of #, and P, is the
conditional probability that the state value undergoes a transition from
i to j in one trial. It is customary to arrange these numbers F,; in a matrix,
in the infinite square array

and refer to P = |P,| as the Markov matrix or transition probability ma-
trix of the process.

The ith row of P, fori = 0, 1, . . ., is the probability distribution of the
values of X,,, under the condition that X, = i. If the number of states is
finite, then P is a finite square matrix whose order (the number of rOws)
is equal to the number of states. Clearly, the quantities P, satisfy the
conditions

P;z=0 fori,j=9012,..., (1.3)

S P=1 fori=0,12,.... (14)

=0

The condition (1.4) merely expresses the fact that some transition occurs
at each trial. (For convenience, one says that a transition has occurred
even if the state remains unchanged.)

A Markov process is completely defined once its transition probability
matrix and initial state X, (or, more generally, the probability distribution
of X,) are specified. We shall now prove this fact.
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Let Pr{X, = i} = p.. It is enough to show how to compute the quantities
PI{XO = il}s Xl = ila Xz = iZs LI | Xn = in}& (15)

since any probability involving X, . . . , X, for j; <... <, can be ob-
tained, according to the axiom of total probablhty by summing terms of
the form (1.5).

By the definition of conditional probabilities we obtain

PI{XO = iU&Xl = ihXZ = i29 LRI 9X = ln}
=Pr{Xo =i, X, = i), ..., X, _= -1} (1.6)
X Pr{X,,I= i,

0= ip X, = i Koy = g},
Now, by the definition of a Markov process,
Pr(X, = ifX, =i, Xy =i}y o o oy Xpoy = iy}
= Pr{X, =
Substituting (1.7) into (1.6) gives
PriX, =ip, X, =1i,... ,X,, =1,}
=Pri{Xy=ip X, = i1y ..., Xpy = i, )P, .

(1.7

X, =L} = ,,_,,i,,-

Then, upon repeating the argument » — 1 additional times, (1.5) becomes
Pr{XO !D9X1_ a---er::in}

- p'oPufl by z‘u—lp'u—l'

This shows that all finite-dimensional probabilities are specified once the
transition probabilities and initia) distribution are given, and in this sense
the process is defined by these quantities.

Related computations show that (1.1) is equivalent to the Markov prop-
erty in the form

PriX,s =jis - o Xovm = JulXo =gy -« X, = i)
= Pr{Xn+l = jb LI ) Xn+m = ijXn = in}

(1.8)

(1.9)

for all time points n, m and all states i, . . ., %,, i, - - - 5 j- In other words,
once (1.9) is established for the value m = 1, it holds for all m = 1 as
well.
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Exercises

1.1. A Markov chain X, X, ... on states 0, 1, 2 has the transition prob-
ability matrix

0o 1 2
0j|o1 02 07
P=1{09 01 0
201 08 0.1

and initial distcibution p, = Pr{X, = 0} = 0.3, p, = Pr{X,= 1} = 0.4, and
p, = Pr{X, = 2} = 0.3. Determine Pr{X, = 0, X, = 1, X, = 2}.

1.2. A Markov chain X, X,, X,, . . . has the transition probability matrix

0 1 2

0jl0.7 02 0.1
P=1|| 0 06 04j.

205 0 035

Determine the conditional probabilities
PriX,=1,% = 1X, =0} and Pr(X, =1,X,=1X, =0}

1.3. AMarkov chain X, X,, X,, . . . has the transition probability matrix

0 1 2

0|06 03 0.1
P=1103 03 04].

2104 01 G5

If it is known that the process starts in state X, = 1, determine the proba-
bility Pr{X, = 1, X, = 0, X, = 2}.
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1.4. AMarkov chain X;, X, X, . - - has the transition probability matrix

0 1 2

0l/0.1 0.1 08
P=1[02 02 O06}|.

2103 03 04

Determine the conditional probabilities

PriX, =1, X% =1%=0 and Pr{X;=1X= 1)x, = 0}.

1.5. A Markov chain X, X,, Xy, . - - has the transition probability matrix

0 1 2

0103 02 05
P=1]05 01 04
21105 02 03

and initial distribution p, = 0.5 and p, = 0.5. Determine the probabilities
PriX,=1,X, =1X,=0} and Pr{X,= ,LX,=1,X,=0}.

Problems

1.1. A simplified model for the spread of a disease goes this way: The
total population size is N = 5, of which some are diseased and the re-
mainder are healthy. During any single period of time, two people are se-
lected at random from the population and assumed to interact. The selec-
tion is such that an encounter between any pair of individuals in the
population is just as likely as between any other pair. If one of these per-
sons is diseased and the other not, then with probability o = 0.1 the dis-
ease is transmitted to the healthy person. Otherwise, no disease transmis-
sion takes place. Let X, denote the aumber of diseased persons in the
population at the end of the nth period. Specify the transition probability
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1.2. Consider the problem of sending a binary message, 0 or 1, through
a signal channel consisting of several stages, where transmission through
each stage is subjectto a fixed probability of error a. Suppose that X, = 0
is the signal that is sent and let X, be the signal that is received at the nth
stage. Assume that {X,} is a Markov chain with transition probabilities
Po=P, =1~ aand Py = Pp = a, where 0 < a < 1.

(a) Determine PriX%,=0,X, =0, X, = 0}, the probability that no error
occurs up to stage n = 2

(b) Determine the probability that a correct signal is received at stage
2.

Hint: Thisis Pr{X, =0, X, = 0,X,= 0} +Pr{X, = 0,X, = 1,X, =0}

1.3. Consider a sequence of items from a production process, with each
item being graded as good or defective. Suppose that a good item is fol-
lowed by another good item with probability & and is followed by a de-
fective itemn with probability 1 — & Similarly, a defective item is followed
by another defective item with probability B and is followed by a good
item with probability 1 — B. If the first item is good, what is the proba-
bility that the first defective item to appear is the fifth item?

1.4. The random variables &, &, . - . ar€ independent and with the com-
mon probability mass function

0 1 2 3
0.1 0.3 0.2 0.4

n

k
Pr{§ =k}

SetX, = 0,and let X, = max{é,, . ... &) be the largest £ observed to date.
Determine the transition probability matrix for the Markov chain {X.}.

2. Transition Probability Matrices of a Markov Chain

A Markov chain 1s completely defined by its one-step transition probabil-
ity matrix and the specification of a probability distribution on the state of
the process at time 0. The analysis of a Markov chain concerns mainly the
calculation of the probabilities of the possible realizations of the process.
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Central in these calculations are the n-step transition probability matrices
p = ||[P@]. Here P denotes the probability that the process goes from
state i to state j in n transitions. Formally,

PO = Pr(X,., = j|X, = i}. @2.1)

Observe that we are dealing only with temporally homogeneous processes
having stationary transition probabilities, since otherwise the left side of
(2.1) would also depend on m.

The Markov property allows us to express (2.1) in terms of P} as
stated in the following theorem.

Theorem 2.1 The n-step transition probabilities of a Markov chain
satisfy -

P(i?) = Z P, k’;‘_l)s» 2.2)
=0
where we define
PO = [1 ifi=j
v 0 ifi #J.
From the theory of matrices we recognize the relation (2.2) as the for-

mula for matrix multiplication, so that P® = P x P¢~". By iterating this
formula, we obtain

PP=PxXPX - XP=P} (2.3)

_—

o

n factors

in other words, the n-step transition probabilities P are the entries in the
matrix P*, the nth power of P.

Proof The proof proceeds via a first step analysis, a breaking down, or
analysis, of the possible transitions on the first step, followed by an appli-
cation of the Markov property. The event of going from state i to state jin
n transitions can be realized in the mutually exclusive ways of going to
some intermediate state k (¢ = 0, 1, ...) in the first transition, and then
going from state k to state j in the remaining (n — 1) transitions. Because
of the Markov property, the probability of the second transition is P{j "
and that of the first is clearly P,. If we use the law of total probability, then
(2.2) follows. The steps are
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PP =Pr(X, = jX, =i} = 2:0 Pr{X, = j, X, = KX, = i}

= 3 Pr(X, = HX, = i} PriX, = % = i, X, = )

If the probability of the process initially being in state j is p;, i.., the
distribution law of X, is Pr{X, = j} = p,, then the probability of the
process being in state k at time n is

p = pPY=Pr{X, =k} (24
j=0

Exercises

21. A Markov chain {X,} on the states 0, 1, 2 has the transition proba-
bility matrix

0 1 2
0lj0.1 02 0.7
P=1]02 02 06|
2106 01 03
(a) Compute the two-step transition matrix P,

(b) What is Pr(X, = 1|X, = 0}?
(c) What is Pr{X, = 1\X; = 0}?

2.2. A particle moves among the states 0, 1, 2 according to a Markov
process whose transition probability matrix is

0 1 2
JE.
P=1} 0 !}
2l ¢ o

Let X, ‘denote the position of the particle at the nth move. Calculate
Pr{X, = 0|X, = 0} forn = 0,1, 2,3, 4.
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23. A Markov chain X, X,, X, . . . has the transition probability matrix

0 1 2

0|07 02 0.1
P=1}] 0 06 O04f.

21105 0 05

Determine the conditional probabilities
Pr{X, = 1|X, =0} and Pr{X,=1|X,=0)}.

2.4. A Markov chain X,, X, X,, . . . has the transition probability matrix

0 1 2

0ljo6 03 0.1
P=1|[03 03 04].

2104 01 0.5

If it is known that the process starts in state X, = 1, determine the proba-
bility Pr{X, = 2}.

25. A Markov chain X,, X,, X,, . . . has the transition probability matrix

0 1 2

oljo.l1 0.1 03
P=1|[02 02 06}

2103 03 04

Determine the conditional probabilities
Pr{X, = 1|X, =0} and Pr{X, = 1|X, = O}.

2.6. A Markov chain X,, X,, X,, . . - has the transition probability matrix

0o 1 2
0][03 02 0.5
P=1[05 01 04
2105 02 03
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and initial distribution p, = 0.5 and p, = 0.5. Determine the probabilities
Pr{X, = 0} and Pr{X; = 0}.

Problems

2.1. Consider the Markov chain whose transition probability matrix is
given by

0 1 2 3
04 03 02 01
01 04 03 02}
03 02 01 04}
02 01 04 03

W N = O

Suppose that the initial distribution is p; = 1fori=0,1,2,3. Show that
PriX, = k} =1,k=0,1,2,3, for all n. Can you deduce a general result
from this example?

292, (Consider the problem of sending a binary message, 0 or 1, through
a signal channel consisting of several stages, where transmission through
each stage is subject to a fixed probability of error ¢. Let X, be the signal
that is sent and let X, be the signal that is received at the nth stage. Sup-
pose X, is a Markov chain with transition probabilities Py = Py = 1 — @
and Py = Ppy= a, (0 <a<l) Determine Pr{X; = 0|X0 = 0}, the prob-
ability of correct transmission through five stages.

2.3. Let X, denote the quality of the nth item produced by a production
system with X, = 0 meaning *“good” and X, = 1 meaning “defective.”
Suppose that X, evolves as a Markov chain whose transition probability
matrix is

0 1
P 0ji% 0o

What is the probability that the fourth item is defective given that the first
item is defective?
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Exercises

5.2, Let X be a Bernoulli random variable with
; parameter p. Compare
Pr{X = 1} with the Markov ineguality bound. F g

§.3. Let £be arandom variable with mean g and standard deviation o.
Let X = (£ — w)*. Apply Markov’s inequality to X to deduce Chebyshev’s

inequality:

o’
Pr{l¢~ pl=e}=—  foranye>0.
&

Problems

5.1. Use the law of total probability for conditional expectations
E[E(XY, Z}|Z] = E{X|Z] to show

EX X, - K] = BEK o s X} Ko -5 Kol
Conclude that when X, is a martingale.
E[Xﬁ-leO! ey Xn] = Xn‘

5.2. Let U, U, ...be independent random variables each umiformly
distributed over the interval (0, 1]. Show that X,=1land X, =2'U,--- U,
forn = 1,2, ...defines a martingale.

5.4. Let ¢, &, ... be independent Bernoulli random variables with
parameter p, 0 < p < 1. Show that X, = land X, =p™" & - E.n=1,
2, ..., defines a nonnegative martingale. ‘What is the limit of X, as n->%?

Problems -

P e L

1.1. A simplified model for the spread of a disease goes this way: The
total population size is N = 5, of which some are diseased and the re-
mainder are healthy. During any single period of time, two people are se-
lected at random from the population and assumed to interact. The selec-
tion is such that an encounter between any pair of individuals in the
population is just as likely as between any other pair. If one of these per-
sons is diseased and the other not, then with probability @ = 0.1 the dis-
ease is transmitted to the healthy person. Otherwise, no disease transmis-
sion takes place.-Let X, denote the number of diseased persons in the
population at the end of the nth period. Specify the transition probability




